Abstract. We provide some relations between CR invariants of boundaries of strongly pseudoconvex domains and higher order asymptotic behavior of certain complete Kähler metrics of given domains. As a consequence, we prove a rigidity theorem of strongly pseudoconvex domains by asymptotic curvature behavior of metrics.
Introduction
The characterization of holomorphic covering spaces of high dimensional complex manifolds is complicated as against the Riemann uniformization theorem for Riemann surfaces. In differential geometric point of view, it is believed that the curvature behaviors of certain Kähler metrics would restrict the complex structure of manifolds. For instance, Siu-Yau have proved in [17] the Frankel conjecture that a compact Kähler manifold with positive bisectional curvature is biholomorphic to the complex projective space. See also [10] for its generalization. They also have proved that a simply connected complete Kähler manifold is biholomorphic to the complex Euclidean space if the sectional curvature is nonpositive and asymptotically vanishes faster than quadratic order. See [16] . Siu also proved in [15] that the complex structure of a compact Kähler manifold with strongly negative curvature tensor is determined by its homotopy type. This is called Siu's strong rigidity theorem.
The aim of this paper is to find a curvature condition of some noncompact manifolds which are covered by the unit ball. As a generalization of Chern-Ji's theorem ( [2] ), Nemirovskii-Shaffikov proved in [11, 12] that a strongly pseudoconvex domain Ω with C ∞ -smooth boundary is covered by the unit ball if every boundary point is spherical in the sense that all the CR invariants vanish identically on ∂Ω (cf. [3] ). Therefore, it is needed to find relations between boundary CR invariants and curvature behavior of interior metrics if we want to characterize the curvature condition under that a strongly pseudoconvex domain is covered by the unit ball. Let Ω be a bounded strongly pseudoconvex domain in C n+1 with C ∞ -smooth boundary. Suppose ϕ is a C k -smooth defining function of Ω for some k ≥ 4 and − log(−ϕ) is strongly plurisubharmonic so that
where K is the Bergman kernel on Ω, (g ij ) is a constant multiple of the Bergman metric and if ϕ is the solution of the complex Monge-Ampére equation
In 1978, Klembeck ([8] ) proved that the holomorphic sectional curvature of the Bergman metric tends to a negative constant as the point of evaluation tending to the boundary by means of the asymptotic expansion formula for the Bergman kernel given by Fefferman ([4] ). Klembeck's theorem bas been generalized by Kim and Yu in C 2 -smooth boundary case ( [7] ) and also reproved by Barletta in [1] . The main theorem of this paper is as follows. Theorem 1.1. Let Ω be a bounded strongly pseudoconvex domain in C n+1 with C ∞ -smooth boundary and ϕ be a C k -smooth defining function of Ω for some k ≥ 4 such that
then ∂Ω is spherical at every point.
By the Nemirovskii-Shaffikov theorem, the domain Ω is holomorphically covered by the unit ball if either (2) or (3) in Theorem 1.1 is satisfied. In this theorem, we do not assume the C ∞ -smoothness of the defining function ϕ, since the Bergman metric and the Kähler-Einstein metric that are most important two examples, are not defined by C ∞ -smooth functions even though the boundary is C ∞ -smooth. Throughout this paper, the Greek indices α, β, γ, . . . run from 1 to n and the Roman indices i, j, k, . . . run from 0 to n. Denote by O(ϕ k ) a function that
is bounded as ϕ → 0. We also make use of the summation convention.
The Graham-Lee connection
Let Ω be a strongly pseudoconvex domain in C n+1 with C ∞ -smooth boundary. Let ϕ be a C k -smooth defining function of Ω = {z ∈ C n+1 : ϕ(z) < 0} for some k ≥ 4. Let U = {z ∈ Ω : − ε < ϕ ≤ 0} for sufficiently small ε > 0 and M ε = {ϕ = −ε} for ε satisfying ε > ε ≥ 0. Let H be an complex vector bundle on U with
Then the restriction of θ on M ε defines a pseudohermitian structure on M ε . Let T be the characteristic vector field for (M ε , θ). That is, T is the tangent vector for (M ε , θ) satisfying θ(T ) = 1 and T dθ| H = 0. Let N = −JT where J is the standard almost complex structure on C n and
Note that ∂ϕ(ξ) = 1 and dθ = i∂∂ϕ. Let {W α } be a local frame of H. Let W 0 = ξ and θ 0 = ∂ϕ. Then {W 0 , W α } is a local frame for T 1,0 U . Let {θ 0 , θ α } be its coframe. Then there exists a positive definite hermitian symmetric matrix (h αβ ) such that
where r = 2∂∂ϕ(ξ,ξ). Since dϕ = 0 for each M ε , we have on
Then by the pseudohermitian structure in [18] , there exist 1-forms (ω β α ) and
where ω αβ = ω α γ h γβ and A αβ = h αγ Aγ β . We extend (ω β α ) and τ α to forms on U by ω β α (N ) = 0, and τ α (N ) = 0.
Theorem 2.1 (C. R. Graham and J. M. Lee [5] ). There exist uniquely determined 1-forms (ϕ β α ) such that
where
The Graham-Lee ambient connection ∇ is a complex linear connection defined by
We may assume that {W α } was chosen that h αβ = δ αβ . We call such {ξ = W 0 , W 1 , . . . , W n } an adapted frame for ϕ. The curvature form of the GrahamLee ambient connection is Θ
Theorem 2.2 (C. R. Graham and J. M. Lee [5] ). Let {θ 0 , θ α } be the coframe for an adapted frame. Then the curvature form of the Graham-Lee ambient curvature tensor is given by
where R β α ργ is the pseudohermitian curvature tensor and A αβ,γ is the coefficient of the pseudohermitian covariant derivative of A on each M ε .
Here and in the sequel, for a k-form B = B i1i2···i k θ i1 ∧θ i2 ∧· · ·∧θ i k , we denote the Graham-Lee covariant derivatives of the coefficients by adding indices after comma.
Relations between the Graham-Lee ambient connection and the Levi-Civita connection
Let Ω = {z ∈ C n+1 : ϕ(z) < 0} be a strongly pseudoconvex domain in C n+1 , n ≥ 1 with a defining function ϕ such that − log(−ϕ) is strictly plurisubharmonic on a neighborhood of Ω. Let g be a complete Kähler metric on Ω with the Kähler form
Let {W 0 , W α } be an adapted frame for ϕ and {θ 0 , θ α } be its dual coframe. Let (ψ k j ) be the connection 1-form of the Levi-Civita connection of g which is uniquely determined by
where ψ jk = ψ l j g lk . Proposition 3.1 (cf. N. Seshadri [14] , E. Barletta [1] ). With respect to an adapted frame {W 0 , W α } for ϕ, g is determined by equations
Moreover its Levi-Civita connection form (ψ k j ) is computed by the equations
Remark 3.2. By Proposition3.1, {e 0 , . . . , e n } where e 0 = ϕ √ 1−rϕ X 0 and e α = √ −ϕ X α form a unitary frame on U with respect to the metric g.
4.
Asymptotic behavior of the holomorphic sectional curvature for n > 1 Let Ω j i and R j i kl be the Kähler curvature form and the curvature coefficients of the metric g with respect to the adapted frame {W 0 , . . . , W n } given by the equation (3.3) , that is,
Let Q j i kl be the Kähler curvature coefficients of g with respect to the unitary frame {e 0 , . . . , e n } given in Remark 3.2. Similar to the Chern pseudoconformal curvature tensor, define
is the Ricci tensor and Q = Q j j is the scalar curvature.
In [8] , it is proved that the holomorphic sectional curvature of g at a p ∈ Ω converges to a constant −2 as p tends to the boundary. More generally, we can prove the following: Proposition 4.1. Let Ω be a bounded strongly pseudoconvex domain in C n+1 with C ∞ -smooth boundary. Suppose that n > 1. Then
where C β αγσ is the Chern pseudoconformal curvature tensor of ∂Ω for every C 4 -smooth defining function ϕ of Ω such that − log(−ϕ) is strictly plurisubharmonic on a one-sided neighborhood U of ∂Ω. Hence, in particular, ∂Ω is spherical if and only if P Proof. By Theorem 2.2 and Proposition 3.1, one see that
Therefore,
Similarly, we also have
Contracting indices, we see that By substituting (4.2), (4.4) and (4.7) in (4.1) , we obtain
where C β αγσ is the Chern pseudoconformal curvature tensor of ∂Ω. This implies the proposition.
Remark 4.2. Using similar method, for a nonvanishing section of H, Z, one can find the expression
where H(Z) is the pseudohermitian sectional curvature in direction of Z and
Proof of Theorem 1.1 (1) .
By (4.3) and (4.10),
By (4.6) and (4.10),
Hence P β α γσ = O ϕ 2 and therefore by Proposition 4.1, ∂Ω is spherical.
Corollary 4.3.
Let Ω be a bounded strongly pseudoconvex domain with C ∞ -smooth boundary in C n+1 . Let g be the Bergman metric on Ω and ρ be a C ∞ -smooth defining function of Ω. If n > 1 and
for every nonzero complex vector W where H B (W ) denotes the holomorphic sectional curvature of the Bergman metric in direction W , then Ω is holomorphically covered by the unit ball in C n+1 .
Proof. Let
where K is the Bergman kernel of Ω. Then by Fefferman's asymptotic expansion formula for the Bergman kernel, ϕ is of C n+2,s -smooth defining function on Ω for every 0 < s < 1. By Theorem 1.1 (1), we get the conclusion.
5. Asymptotic behavior of the holomorphic sectional curvature for n = 1 Let us consider the case n = 1. By Theorem 2.2, the curvature form of the Graham-Lee ambient connection for n = 1 is given by
where R is the pseudohermitian curvature and ∆ b is the sublaplacian of the pseudohermitian structure. The asymptotic behavior of the curvature tensor of the Levi-Civita connection with respect to the adapted frame is given by the following:
Proposition 5.1. With respect to an adapted frame {W 0 , W 1 } for ϕ, denote R j i kl and R j i kl be the curvature tensor of the Levi-Civita connection and the Graham-Lee ambient connection respectively. Then the followings hold:
where H(W 1 ) is the pseudohermitian sectional curvature in direction of W 1 , 
Proof. We verify only (5.3) and (5.4) in this proof. The other asymptotic formulas can be also obtained in the same way. By (2.1),
By (5.1) and
we get
With this and
, we get (5.3). Since
we can get
In case n = 1, the unique CR invariant Q11 is given as the following lemma in terms of the torsion coefficient A11 and pseudohermitian curvature R.
Lemma 5.2 (cf. [3, 18] ). Let M be a strongly pseudoconvex CR manifold of dimension 3. Then the pseudoconformal invariant Q11 given in [3] is
In particular, M is spherical if and only if Q11 = 0 on M .
Although the formula in Lemma 5.2 is not given in [3, 18] , we can get it by comparing the algebraic relation between the pseudohermitian structure equation in [18] and the pseudoconformal structure equation in [3] , as Webster computed the pseudoconformal curvature tensor in terms of the pseudohermitian one in [18] . Now we are ready to prove (3) in Theorem 1.1: Proposition 5.3. Suppose n = 1 and ϕ is at least C 5 -smooth. If
for every nonvanishing section W of T 1,0 Ω, then ∂Ω is spherical.
Proof. The assumption gives
for every Z ∈ H and µ ∈ C. This implies that
So R Since moreover, R = 2r on M , we have
On the other hand, differentiating (2.4) and extracting the coefficient of the
Extracting (5.7) from (5.6), we see
since W0 − W 0 = iT . This yields the conclusion.
Corollary 5.4. Let Ω be a bounded strongly pseudoconvex domains with C ∞ -smooth boundary in C 2 with C ∞ -smooth defining function ρ. Let g be the Bergman metric on Ω. If
for every nonzero W ∈ T Ω, then Ω is holomorphically covered by the unit ball in C 2 .
Proof. As in Corollary 4.3, let K be the Bergman kernel on Ω and
for some a, b ∈ C ∞ (Ω), a > 0 on ∂Ω by Fefferman's asymptotic expansion formula [4] . Then ϕ ∈ C ∞ (Ω) ∩ C 3,s (Ω). Although ϕ is not C 5 -smooth on Ω, we can still compute the CR invariant Q11 with ϕ, since the Levi form of ϕ is infinitely differentiable in vector fields tangent to ∂Ω by (5. .9) is usually called the CR Q-curvature, which is a constant multiple of the coefficient of the log singularity of the Szegö kernel for the contact form θ. See [6] .
(2) The converse of Theorem 1.1 is also true in the sense that if a bounded strongly pseudoconvex domain Ω is covered by the unit ball, then there exists a defining function ϕ satisfying the hypotheses of Theorem 1.1. In fact, since the Kähler-Einstein metric is preserved by holomorphic covering maps, we see that the Kähler-Einstein metric of any ball-quotient has constant negative holomorphic sectional curvature. On the other hand, it is well-known that the Bergman metric is not preserved by holomorphic covering maps. Qi-Keng Lu proved that the bounded domain which has the complete Bergman metric with constant holomorphic sectional curvature is biholomorphic to the unit ball (see [9] ). In this point of view, one may ask that if the holomorphic sectional curvature of the Bergman metric of a bounded strongly pseudoconvex domain tends to a negative constant up to some order k ≥ 3 (possibly, k = ∞), then in fact, the domain is biholomorphic to the unit ball. This seems to be an open question, which might depend on some global property of the Bergman metric.
